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Question 1 (2.2.1,2.2.2) (6 marks)
3 -1 _[-3 2
IfA—[1 4]andB—[5 2]
(a) Determine the matrix X such that 24 — X =B (3 marks)
Solution
X=2A-B
_ o3 -11_[-3 2
=2 [1 4 ] [ 5 2]
_[6 -21_1-3
=l &l-[%
_ [ 9 —4]
-3 6
Specific behaviours
v’ correct expression for X in terms of A and B
v’ correct elements of 2A
v’ correct elements of X
(b) Determine AB (3 marks)

Solution

= 5 3
(D(=3) + (B )

=[—14 4
17 10

_ [(3)(—3) +(=DG) @+ (D@

(D) + H(2)

Specific behaviours

v" one correct element of AB
v’ two correct elements of AB
v" all correct elements of AB
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Question 2 (1.3.3)

Let n be

an integer. Prove that n + 2 is even if and only if n + 1 is odd.

Perth Modern

(5 marks)

Solution

(=>):
If n + 2 iseven, thenn + 2 = 2k, where k € Z.
n+1=2k-1
=2k—-2+1
=2(k-1D+1
Hence, n + 1 is odd.

Ifn+ 1isodd, thenn+ 1 =2k + 1, where k € Z.

n+2=2k+2
=2(k+1)
Hence, n + 2 is even.

Specific behaviours

v’ recognises the need to prove both = and
v writesn +2as 2k, k € Z

v’ proves that n + 1 is odd in terms of 2Z + 1
vwritesn+1as2k+1,keZ

v’ proves that n + 2 is even in terms of 2Z
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Questio

n3 (1.3.4,1.3.5)

Perth Modern

(9 marks)

Write whether each of the following statement is true or false, then prove or disprove it
accordingly.

@V

n € N, n?> —n+ 7 is prime.

(3 marks)

Solution

The statement is false, and is disproved with the following counterexample:

Letn =7.
Thenn? —n+ 7 = 49 = 7 x 7, which is not prime.

Specific behaviours

v’ states false
v’ states counterexample with a particular value of n
v’ shows that for that value of n, n? — n + 7 is not prime.

(b) For all irrational numbers p and g, where p # q, s is always irrational.

(3 marks)

Solution

The statement is false, and is disproved with the following counterexample:

Letp =+v8and g = V2.

p_ V8 _ Vaxy2 _ L
Then, P A 2 which is rational.

Specific behaviours

v’ states false
v’ states counterexample with particular values of p and g

v" shows that for those values of p and g, s is not irrational.

(c) There exist two different irrational numbers such that their sum is rational.

(3 marks)

Solution

The statement is true, and is proved with the following example:
Let the two irrational numbers be v2 and (1 — v2).

Then v2 + (1 — v2) = 1 which is rational.

Specific behaviours

v’ states true

v’ states example with particular values of two different irrational numbers and

v" shows that for those two different irrational numbers, the sum is rational.
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Question 4 (1.3.15)

Perth Modern

(6 marks)

A circle with centre O is shown below (not drawn to scale). Given its radius is r and chord

AB = x with AB L CD, and centre O is on CD

A

N

B

(a) prove that CD bisects AB. (2 marks)
[Hint: Use congruent triangles]
Solution
(Connect OA and OB)
For AAOC and ABOC:
£0CA = £0CB = 90° (given)
0A = OB (radii)
OC is common
~ AAOC = ABOC (RHS)
~ AC = BC
Hence, CD bisects AB
Specific behaviours
v prove AAOC = ABOC with correct congruence tests
v’ states AC = BC
2r+V4ar2—x2
(b) showthat CD = SEEE— (4 marks)

Solution

0A=randAC=’2—C

N
oc = |r?— (E) (Pythagoras’ theorem)

- xz_ 4r2—x2_ 412 — x2
-7 T T 4 2

412 — x2
CD =r+ >

3 2r + V4r? — x2
B 2

Specific behaviours

v states AC = g

v expresses OC in terms of r and x using Pythagoras’
v’ simplifies expression for OC
v expresses CD as r plus OC and simplifies
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Question 5 (2.3.4, 2.3.5) (7 marks)
o _ 1 1 1 n
Use mathematical induction to prove that —— + —— =
2X5  5X%8 (3n—-1)(3n+2) 6n+4
foralln e Z*.
Solution

ition ‘—— 4+ —— 4+ .. ! =" +
Let P(n) denote the proposition e toet T GnoDGTD — onta foralln e Z™.

For P(1): LHS = — = —
RHS = 1 _1
T 6x1+4 10

LHS=RHS, so P(1) is true.

Assume that P (k) is true for some positive integer k. Then
1

1 1 k
x5 5x8 T GBk—DGk+2) 6kt 4
Now
LHS fP(k+1)——1 +—1 + o+ L + L
° “2Xx5 ' 5x8 BGk—1)Bk+2)  Bk+1)—-1DBk+1)+2)
k
“ekra  Bk+2)Bk+5)
k 1
_2(3k+2)+(3k+2)(3k+5)
k 1
_2(3k+2)+(3k+2)(3k+5)
k 3k +5) 1 2
= X + X —
23k+2) (Bk+5) (Bk+2)(3k+5) 2
3k + 5k + 2

2(3k + 2)(3k + 5)
Gk + 2)(k + 1)

2(3k + 2)(3k + 5)
k+1

6k + 10
k+1

- 6(k+1)+4
= RHS of P(k + 1)

~ P(k + 1) is true.
Hence, by the principle of mathematical induction, P(n) is true for all positive integers n.

Specific behaviours

v’ proves P(1) by evaluating LHS and RHS separately

v_assumes P (k) is true

v writes LHS of P(k + 1) using RHS of P(k)

v simplifies expression algebraically to one fraction

v’ factorises numerator with a factor of (3k + 2)

v’ obtains expression for RHS of P(k + 1) written in terms of k + 1
v_ writes conclusion for whole proof
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Question 6 (2.3.4, 2.3.6) (7 marks)

Use the principle of mathematical induction to prove the following statement:

32nt4 — 321 jg divisible by 5 for all positive integers n.

Solution
Let P(n) denote the proposition ‘32"+* — 32" js divisible by 5’ for all positive integers n.
For P(1):3% — 32 =720
720 is divisible by 5, so P(1) is true.

Assume that P (k) is true for some positive integer k. Then

32k+4 _ 32k — 5 wherem € Z
Now

For P(k + 1):
32(k+1)+4 _ 32(k+1)

— 32k+6 _ 32k+2
— 32k+4 X 32 _ 32k X 32
— 32(32k+4 _ 32k)
= 9(5m)
= 5(9m) which is divisible by 5
~ P(k + 1) is true.
Hence, by the principle of mathematical induction, P(n) is true for all positive integers n.

Specific behaviours

v’ proves P(1) by evaluating 3¢ — 32

v_assumes P (k) is true

v writes P(k + 1) in terms of k + 1

v’ simplifies expression algebraically using index law for multiplication
v factorises expression with a factor of (32%+4 — 32k)

v’ obtains expression for P(k + 1) written as a multiple of 5

v" writes conclusion for whole proof
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Additional working space

Question number:
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